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Abstract

Ordinary differential equations (ODEs) play a crucial role in modeling various
natural, physical, engineering, and biological phenomena. In most cases, analytical
solutions to these equations are not possible or practical; therefore, the use of
numerical methods to find approximate solutions is essential. The aim of this paper is
to carefully review classical numerical methods, including Euler, Heuwen, and
fourth-order Runge—Kutta (RK4), in solving ordinary differential equations. The
primary focus is on analyzing numerical error, the stability of the methods, and the
accuracy of the results obtained from each algorithm. First, basic concepts related to
types of errors, including local and global errors, are presented. Then, convergence
and stability criteria in numerical methods are explained. Each of the methods
mentioned is introduced and analyzed separately, and then they are used to solve a
simple experimental differential equation numerically. The results obtained from the
numerical implementation are reviewed through tables and comparative analyses.
Comparing the approximate values with the analytical answer shows that the fourth-
order Runge—Kutta method has significantly higher accuracy than the Euler and
Heun's methods and is also more suitable for slowly decaying issues. It was also
observed that reducing the time interval leads to a reduction in error in all methods,
but at the cost of increasing computational cost. Finally, the paper provides guidance
on selecting the most suitable method, taking into account the problem's
characteristics, the desired level of accuracy, and computational constraints. This
research can be useful for students and researchers in the field of applied mathematics

and engineering.
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n tn y_Euler y Heun y_RK4 y_exact Err_Euler Err_Heun Err_RK4

0.000 1.000000 1.000000 1.000000 1.000000 0.000000 0.000000 0.000000
0.100 0.800000 0.810000 0.818731 0.818731 0.018731 0.008731 0.000000
0.200 0.640000 0.656100 0.670320 0.670320 0.030320 0.014220 0.000000
0.300 0.512000 0.533508 0.548812 0.548812 0.036812 0.015304 0.000000
0.400 0.409600 0.433404 0.449329 0.449329 0.039729 0.015925 0.000000

0
1
2
3
4
5 0.500 0.327680 0.352801 0.367879 0.367879 0.040199 0.015078 0.000000
6 0.600 0.262144 0.288239 0.301194 0.301194 0.039050 0.012955 0.000000
7 0.700 0.209715 0.236351 0.246597 0.246597 0.036882 0.010246 0.000000
8 0.800 0.167772 0.194780 0.201897 0.201897 0.034125 0.007117 0.000000
9 0.900 0.134218 0.161109 0.165299 0.165299 0.031081 0.004190 0.000000

10 1.000 0.107374 0.133772 0.135335 0.135335 0.027961 0.001563 0.000000
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0 0.000 1.000000 1.000000 1.000000 1.000000 0.000000 0.000000 0.000000
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0.550

0.600
0.650
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0.800
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0.900
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1.000

0.900000
0.810000
0.729000
0.656100
0.590490
0.531441
0.478297
0.430467
0.387420
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0.313811

0.282430
0.254187
0.228768
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0.185302
0.166772
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0.819025
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0.904837
0.818731
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0.670320
0.606531
0.548812
0.496586
0.449329
0.406570
0.367880

0.332871

0.301195
0.272532
0.246597
0.223130
0.201897
0.182684
0.165299
0.149569
0.135336

0.904837
0.818731
0.740818
0.670320
0.606531
0.548812
0.496585
0.449329
0.406570
0.367879

0.332871

0.301194
0.272532
0.246597
0.223130
0.201897
0.182684
0.165299
0.149569
0.135335

0.004837
0.008731
0.011818
0.014220
0.016041
0.017371
0.018288
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0.000545
0.000592
0.000625
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0.000658
0.000662

0.000659

0.000650
0.000637
0.000621
0.000602
0.000581
0.000559
0.000535
0.000511
0.000487

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

0.000000
0.000000

0.000000
0.000000
0.000000
0.000000
0.000000
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t_n

y_Euler

y_Heun

y_RK4

y_exact

Err_Euler

Err_Heun

Err_RK4

0.000
0.025
0.050
0.075
0.100
0.125
0.150
0.175
0.200
0.225
0.250
0.275
0.300
0.325
0.350

1.000000
0.950000
0.902500
0.857375
0.814506
0.773781
0.735092
0.698337
0.663420
0.630249
0.598737
0.568800
0.540360
0.513342
0.487675

1.000000
0.951250
0.904877
0.860764
0.818802
0.778885
0.740914
0.704795
0.670436
0.637752
0.606662
0.577087
0.548954
0.522193
0.496736

1.000000
0.951229
0.904837
0.860708
0.818731
0.778801
0.740818
0.704688
0.670320
0.637628
0.606531
0.576950
0.548812
0.522046
0.496585

1.000000
0.951229
0.904837
0.860708
0.818731
0.778801
0.740818
0.704688
0.670320
0.637628
0.606531
0.576950
0.548812
0.522046
0.496585

0.000000
0.001229
0.002337
0.003333
0.004225
0.005020
0.005726
0.006351
0.006900
0.007379
0.007794
0.008150
0.008452
0.008704
0.008910

0.000000
0.000021
0.000039
0.000056
0.000071
0.000084
0.000096
0.000107
0.000116
0.000124
0.000131
0.000137
0.000142
0.000147
0.000150

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
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0.463291
0.440127
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0.397214
0.377354
0.358486
0.340562
0.323534
0.307357
0.291989
0.277390
0.263520
0.250344
0.237827
0.225936
0.214639
0.203907
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0.184026
0.174825
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0.472520
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0.406728
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0.368039
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(1: mparison of numerical methods for solving dy/dt=-2y with h=0.05
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C10mparison of numerical methods for solving dy/dt=-2y with h=0.025
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